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Fig. 2 Response of aircraft to unit pulse roll-rate p command.

the use of Eq. (20a) would not be justi� ed here because one could
not assume that ay is tightly constrained.

This exercise suggests a sequential loop-closure design proce-
dure with the p and ay variables paired with ±a and ±r , respectively,
closing the p loop � rst. Had matrix K .s/ in Fig. 1 not been the
identity matrix, an analysis similar to that just completed could
be undertakenwith the transfer functions of Eq. (19) obtained from
P 0.s/ D P.s/K .s/ and thoseof Eq. (20) obtainedfrom relationships
such as Eq. (14). In cases in which there are no NMP transmission
zeros, pairing input–output variables and selecting loop-closurese-
quences could be based on the required compensation in each loop.
The form of this compensation could be estimated from equations
similar to Eqs. (19) and (20).

Figure 1 can serve as a diagram for the SCAS, now
with y1.s/ D p.s/, y2.s/ D ay .s/, u1.s/ D ±a.s/, u2.s/ D ±r .s/, and
K .s/ D I . The compensatorG1.s/ in Fig. 1 was obtainedusing stan-
dard loop-shaping techniques.8 The result was a 5 rad/s open-loop
crossover frequency with

G1.s/ D 0:074.3/.0:1/2

.0/2.0:2/
(21)

The effective plant for the second loop closure [now determined
using the actual G1.s/ of Eq. (21)] is given by

ay

±r

­­­­
p ! ±a

D 0:6075.15:71/.4:833/.¡6:11/.1:147/

[0:962; 3:385][0:131; 2:943]
(22)

Because of the NMP zero in the numerator at s D 6:11, the max-
imum practical crossover frequency for this loop with acceptable
stability margins is approximately 1 rad/s. Again, a compensator
was obtained using standard loop-shaping techniques and is given
by

G2.s/ D
¡1:42[0:15; 3]

.0/.50/
(23)

The response of the aircraft to a 5-s unit pulse command in p with
this SCAS is shown in Fig. 2. Similar command following and off-
axis responsesresult when a unit pulse command in ay is employed.

Conclusions
The use of coupling numerators based on output equations as

opposed to state equations results in a simpli� cation of the cou-
pling numerator expressions. The use of these simpli� ed numera-
tors in square control systemswith responsevariablesassumed to be
tightly constrainedprovides insight into the selectionof appropriate
pairings of plant inputs and outputs for square feedback designs. In
addition,it demonstratesthe effect of transmissionzeros on individ-
ual effective plant transfer function elements, when other response
variables are tightly constrained.
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I. Introduction

S OLAR sailing has long been considered for a diverse range of
future mission applications. Although low-performance solar

sails can be utilized for interplanetary transfer using heliocentric
spiral trajectories, high-performance solar sails can enable exotic
applications using non-Keplerian orbits. A simple example of such
an exoticapplicationis “levitation,”with the solar radiationpressure
accelerationexperiencedby the sail exactly balancing solar gravity.
Such a static equilibrium allows the solar sail to remain stationary
with respect to the sun, or indeed if the sail is turned edgewise to
the sun it will fall sunwards on a rectilinear trajectory. Although
this static equilibrium is simple to identify, the question of transfer
to it from an Earth escape trajectory remains open. This Note will
derive an analytic sail steering law that allows the solar sail is be
maneuveredfroma circularheliocentricorbit, to a static equilibrium
location at the same heliocentric distance. The required trajectory
will be de� ned a priori with the resulting sail steering law derived
from the equations of motion. An inverse trajectory problem is,
therefore, being solved.

II. Static Equilibria
To identifyconditionsfor staticequilibria,theequationsofmotion

for the solar sail will now be de� ned. The heliocentricequations of
motion for an ideal, planar solar sail may be written in plane polar
coordinates (r; µ ) as1

Rr ¡ r Pµ 2 D ¡.¹=r 2/.1 ¡ ¯ cos3 ®/ (1a)

r Rµ C 2Pr Pµ D ¯.¹=r 2/ cos2 ® sin ® (1b)

where r is the heliocentric distance of the solar sail from the sun
and µ is the polar angle of the solar sail, measured anticlockwise
from some referenceposition.Becauseboth solar radiationpressure
and solar gravity have an inverse square variation, the solar sail
performance can be parameterized by the sail lightness number ¯ ,
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de� ned as the ratio of the solar radiation force to solar gravitational
force acting on the solar sail. The sail pitch angle ® is de� ned as the
angle between the sun-sail line and the sail normal.

It canbe seen fromEq. (1) that an equilibriumsolutionis available
if ® D 0 and ¯ D 1 with the solarsail stationaryat a � xed heliocentric
distance. Because both solar radiation pressure and solar gravity
have an inverse square variation, such an equilibrium is possible at
any heliocentric distance. It can be shown that the equilibrium has
marginal stability, with perturbations growing as a linear function
of time.1 This becomes clear by noting that the solar sail has no
net force acting on it if it is displaced because both solar radiation
pressure and solar gravity have an inverse square variation.

III. Transfer to Static Equilibria
A sail steering law will now be sought that transfers the solar sail

from a circular Keplerian orbit at some heliocentric distance Qr , to a
static equilibrium at the same heliocentric distance. The constraint
that Pr D Rr D 0 will, therefore, be imposed on Eq. (1), leading to a
reduced set of equations of motion de� ned by

Pµ 2 D !2.1 ¡ cos3 ®/ (2a)

Rµ D !2 cos2 ® sin ® (2b)

where ! D
p

.¹=Qr 3/. It can be seen that Eq. (2a) de� nes the sail
pitch angle ® as a function of the orbital angular velocity Pµ so that

cos ® D [1 ¡ . Pµ=!/2]
1
3 (3)

Therefore, if Pµ D !, the required sail pitch angle ® D ¡¼=2, and
if Pµ D 0, then required sail pitch angle ® D 0, corresponding to the
conditions for a circular Keplerian orbit and static equilibrium, re-
spectively. These two states represent the boundary conditions for
the transfer problem at hand. When Eq. (2a) is differentiated,it can
now be shown that

Rµ D
3

2
!

cos2 ® sin ®
p

1 ¡ cos®3
P® (4)

However, when Eq. (4) and Eq. (2b) are equated, it can be seen that

P® D 2
3 !

p
1 ¡ cos3 ® (5)

which providesan auxiliaryequationto add to Eq. (1)with boundary
condition®.0/ D ¡¼=2. IntegratingEq. (5)providesthe sailsteering
law to ensure that Pr D Rr D 0 while Pµ ! 0 as ® ! 0. In addition,
Eq. (5) can be used to provide the transfer duration T as

T D 3
2!

Z 0

¡¼=2

d®
p

1 ¡ cos3 ®
(6)

It can be seen from Eq. (6) that the integral does not converge as
® ! 0, indicating that the transfer duration is in� nite. In fact, ap-
proach to the static equilibriumis indeed asymptotic, but the practi-
cal durationof the transfer is of order 550 days, as will be discussed.
The effective 1v for the transfer is of order

p
.¹=Qr/.

A more compact form for the sail steering law can be obtained
by noting that Eq. (5) may be rewritten using Eq. (2a) as

dµ

d®
D

3

2
(7)

which can be immediately integratedwith the appropriateboundary
condition to give

®.µ / D 2
3 µ ¡ .¼=2/ (8)

Because the solar sail approaches static equilibrium as ® ! 0, the
transferanglefor themaneuvercanbeobtainedfromEq. (8) as 3¼=4,
which is independent of the heliocentric distance Qr . In addition, it
is clear that P® D 2 Pµ=3. so that the turn rate of the sail is proportional
to the instantaneousorbital angular velocity.Such a simple steering
law is likely to be advantageous to implement in practice.

IV. Application
To demonstrate the sail steering law that has been derived, a

solar sail with a lightness number ¯ D 1 will be considered moving
along a circular Keplerian orbit at 1 astronomical unit (AU). This is
representative of a solar sail deployed on a parabolic Earth escape
trajectory. The steering law de� ned by Eq. (5) [or Eq. (8)] is then
used to transfer the solar sail to a static equilibrium at 1 AU. The
resulting trajectory obtained by integrating the system of equations
obtainedfromEq. (1) andEq. (5) is shown in Fig. 1. As expected,the
sail steering law enforces the constraint Pr D Rr D 0. The resultingsail
pitch time history is shown in Fig. 2, with an asymptotic approach
to the static equilibrium as ® ! 0. Furthermore, the sail polar angle
and orbital angular velocity are shown in Figs. 3 and 4, where it can
be seen that the effective transfer duration is of order 550 days, with
a transfer angle of exactly 3¼=4.

Fig. 1 Transfer to static equilibrium: , start, stop.

Fig. 2 Solar sail pitch angle time history.

Fig. 3 Solar sail polar angle time history.
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Fig. 4 Orbital angular velocity time history (normalized to initial
orbital angular velocity).

V. Conclusions
A sail steering law has been derived in closed-form which trans-

fers a solar sail with a lightness number ¯ D 1 from a circular helio-
centric orbit to a static equilibriumat the same heliocentricdistance.
The steering law is obtained as the solution to a � rst order ordinary
differential equation, or is parameterized with respect to the solar
sail polar angle. Independentof the starting orbit, it has been shown
that the transfer angle for the maneuver is always 3¼=4.

Acknowledgment
This work was supported by the Leverhulme Trust.

Reference
1McInnes, C. R., Solar Sailing: Technology, Dynamics and Mission

Applications, Springer-Verlag, London, 1999, pp. 118, 119.

Composite Estimate of Spacecraft
Sensor Alignment Calibrations

Mark E. Pittelkau¤

Johns Hopkins University, Applied Physics Laboratory,
Laurel, Maryland 20723-6099

Introduction
AlignmentKalman � lters (AKFs) for spacecraftsensoralignment

calibration were developed in Refs. 1 and 2. There it was shown
how to model attitude sensor misalignment and gyro calibration
parameters and how to implement these models in a Kalman � lter
using the upper triangular diagonal (UD) factorization method of
Bierman.3 The ef� cacy of the calibration estimators in Refs. 1 and
2 was shown in simulation results using an attitude maneuver that
makes all of the parameters observable.

Sensor alignment and calibration is of importance to the space-
craft community because the time and effort required for calibra-
tion is not trivial, calibration maneuvers could interfere with mis-
sion operation,and inadequatecalibrationcan result in poor attitude
knowledge and poor pointing performance. A problem in attitude
sensor and gyro calibrationis that a single attitudemaneuver pro� le
may not be suf� cient to estimate all of the calibration parameters
with small covariance because observability of the gyro parame-
ters depends on the maneuver. Restrictions on such a maneuver
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may be due to physical, operational, or design constraints. The use
of only one maneuver pro� le might also not be desirable because
small thermal effects on alignment and gyro parameters could bias
the calibration estimates. The constraints on the system considered
in this Note are that no special calibration maneuvers be required
and that calibration be performed using only normal Earth scan-
ning maneuvers. Thermal distortion is the one of the drivers for
the latter.

The objective of this Note is to introduce the technique of com-
bining several estimated calibrationparameter sets to obtain a com-
posite least-squaresestimate that has smaller covariance than all of
the individual estimates. An algorithm is developed to compute the
composite estimate from the estimated calibration parameter sets
and the UD-factored covariances produced by the AKF. The algo-
rithm utilizes the UD factorsdirectly in a recursive,computationally
ef� cient, and numerically reliablemanner. It will be shown via sim-
ulation results that, with an appropriate set of attitude maneuvers,
all parameters can be estimated with small covariance,even if some
parameters (or linear combination of parameters) are of limited ac-
curacy due to maneuver restrictions.

This idea of a composite estimator is not unlike the two-stage
estimatorin Ref. 4, where the � nal estimatesfromseveralexecutions
of a � rst-stageestimatorare used as measurementsin a second-stage
estimator.

A mathematical statement of the problem is given in the next
section followed by the Kalman � lter solution. Simulation results
show theeffectivenessof combiningcalibrationparameterestimates
that result from various maneuver scenarios.Results are shown for
idealized maneuvers and for a set of realistic maneuvers for an
Earth-imaging spacecraft.

Preliminaries
The AKFs reported in Refs. 1 and 2 produce a set of attitude,

gyro bias, and calibrationparameterestimatesand the UD factorsof
the covariance matrix by processing attitude sensor data collected
during a calibration maneuver. Let Ox be the vector of estimated
calibration parameters at the end of the calibration maneuver and
let R be its covariance.The UD factorsof R can be obtaineddirectly
from the UD factors of the covariance matrix P from the Kalman
� lter. There are m D 6 attitude perturbationand gyro bias states and
n calibrationparameters in the � lter state vector. Partitioning P and
its UD factors gives

P D

m nz}|{ z}|{
µ

P11 P12 gm
P21 P22 gn

¶

D UDUT

D
µ

U11 U12

0 U22

¶ µ
D1 0

0 D2

¶ "
U T

11 0

U T
12 U T

22

#

D

"
U11 D1U T

11 C U12 D2U T
12 U12 D2U T

22

U22 D2U T
12 U22 D2U T

22

#
(1)

where U is unit upper triangular and D is diagonal. Thus P22 D
U22 D2U T

22
1D R, so that the UD factors of the parameter error co-

variance R are simply the partitions U22 and D2 of the UD factor-
ization of P. If the UD factorization of P is stored in packed form,
then the packed form of U22 and D2 is extracted by skipping the
� rst m.m C 1/=2 C mn elements of the packed UD factors of P. To
simplify notation in the developments that follow, let U D U22 and
D D D2 so that R D UDUT .

The AKF is run N times to process attitude and gyro data from
each of N separate calibration maneuvers. Thus, we have N esti-
mated calibration parameter vectors Ox1; Ox2; : : : ; OxN and UD factors
of the covariance matrices R1; R2; : : : ; RN , each Oxk and Rk being
the � nal value at the end of the AKF run. These estimates can be
regarded as noisy observationsy1; y2; : : : ; yN of the true parameter


